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Abstract
Assume CH. Let I be any index set, and let Xi , for i ∈ I , be a completely regular ccc topological space of weight ω2. If
X =∏i∈I Xi is ccc and non-pseudocompact, then X has remote points.
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1. Introduction
Let X be a completely regular topological space and let βX denote the Stone– ˇCech compactification of X. A point
p in the remainder βX \ X is called a remote point of X if p /∈ clβX(D) for any nowhere-dense subset D of X. Fine
and Gillman [7] proved that under CH, every separable non-pseudocompact space has remote points. Dow [6] showed
that it was consistent that there is a separable non-pseudocompact space with no remote points. We are interested in
determining whether CH implies that every ccc non-pseudocompact space has remote points. It is provable in ZFC that
every ccc, non-pseudocompact space of π -weight ω or ω1 has remote points (the first result was proved independently
by Chae and Smith [2] and van Douwen [9], the second by Dow [5]). In [1] it was shown that assuming the existence
of an ω1-scale, if X is a ccc, non-pseudocompact product of ccc spaces each of weight ω1, then X has a remote point.
It was also shown in [1] that under CH, every ccc non-pseudocompact space of weight ω2 has remote points.
Here we combine some of the techniques used in [1] to show that under CH, if X is a ccc, non-pseudocompact
product of ccc spaces each of weight ω2, then X has a remote point. We will find remote points by constructing remote
filters.
Definition 1.1. A collection F of closed sets in a space X is remote if for each nowhere-dense D ⊆ X, there is
an F ∈ F such that F ∩ D = ∅. A remote filter is a filter of closed sets that is also remote. If we have written
X =∑m<ω Xm, a remote filter F is called nice if |{m<ω: F ∩Xm = ∅}| <ω for all F ∈F and if⋂F = ∅.
See [5] for a proof of the following fact:
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for each m < ω. Let A denote the collection of all maximal cellular families of sets from ⋃m<ω Bm, and let F be a
filter of closed sets in X.
Suppose that for every A ∈ A, there are an F ∈ F and finite subsets Am ⊆ A ∩ P(Bm) (for m < ω) such that
F ⊆⋃{a: a ∈⋃m<ω Am}. Then F is a remote filter on X and F extends to a remote point of X.
The technique that we use to find remote filters—a technique first used by van Mill [10] and van Douwen [9], and
used repeatedly since then—will be to first define a careful indexing of the basic open sets in a space X. Such an
indexing induces a sort of hierarchy on the collection of maximal pairwise-discrete families of basic open sets in X.
This hierarchy will determine how to go about choosing the finite sets Am needed in Lemma 1.2.
1.1. Notation and conventions
Assume CH throughout. All topological spaces are assumed to be completely regular. ccc means “countable chain
condition”, and a space X is ccc if every pairwise-disjoint collection of open sets in X is countable. If f and g are
functions from ω to ω, f <∗ g means that f (m) < g(m) for all but finitely-many m < ω. For θ a regular cardinal,
H(θ) is the set of all sets whose transitive closure is of size less than θ . If X and Y are sets, “X ⊆ Y ” means that X is
any subset of Y , whereas “X ⊂ Y ” means that X is a proper subset of Y .
If b =∏i∈I b(i) is a basic open set in the product space ∏i∈I Xi , we denote by supp(b) the support of b—that
is, the finite set {i ∈ I : b(i) = Xi}. For A a countable collection of basic open sets in X, supp(A) will denote the
countable set
⋃{supp(a): a ∈ A}. If b is a basic open set and A is a countable set of basic open sets, the projection of
b onto supp(A) is defined by prA(b) =
∏
i∈I prA(b)(i), where
prA(b)(i) =
{
b(i) if i ∈ supp(A),
Xi otherwise.
2. Machinery
Let I be any index set, and for i ∈ I , let Xi be a ccc space of weight ω2. Let Bi be a base for Xi . Set X =∏i∈I Xi ,
and assume that X is ccc and non-pseudocompact. Since we are assuming CH, |RO(Xi)| = ω2; so we may as well
assume that Bi = RO(Xi) for each i ∈ I . In what follows, the operations ∨ and ∧ will refer to the Boolean algebra
operations on RO(Xi) when they are taking place within an individual space Xi . (For background on Boolean algebras,
see [8].) Fix a discrete family {Um: m<ω} of basic open sets in X. (This is possible since X is non-pseudocompact.)
Also fix an ω1-scale {fξ : ξ < ω1}. (That is, {fξ : ξ < ω1} ⊆ ωω such that (1) if δ < ξ < ω1 then fδ <∗ fξ , and (2)
for any g ∈ ωω, there is a ξ < ω1 such that g <∗ fξ .) We will say “A is a maximal antichain” to abbreviate “A is a
maximal pairwise-disjoint collection of nonempty basic open subsets of X, each being a subset of some Um”. Since
X is ccc, we may write a maximal antichain A as {a(m, l): m, l < ω}, where for m, l < ω, a(m, l) ⊆ Um.
2.1. Envelopes and cinch-sets
In [1], we developed tools for analyzing the structure of a single ccc Boolean algebra of size κ , for κ a regular
cardinal. We modify these notions for the present case, in which we are dealing with an arbitrary product of ccc
topological spaces each of weight ω2. For now, assume that for each i ∈ I , the base Bi = RO(Xi) has been written as
an increasing union: Bi =⋃α<ω2 Bi(α), where for each α < ω2, Bi(α) is a σ -complete subalgebra of Bi .
Definition 2.1. Let i ∈ I ; let bi ∈ Bi ; and let α < ω2. The α-envelope of bi is
πα(bi) =
∧{
c ∈ Bi(α): bi ⊆ c
}
.
Now, if α < ω2 and b =∏i∈I b(i) is a basic open set in X, define the α-envelope of b to be
πα(b) =
∏
i∈I
πα
(
b(i)
)
.
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Let b =∏i∈I b(i) be a basic open set. For each i in the finite set supp(b), let αi < ω2 be minimal such that
παi (b(i)) = b(i). (Such an αi exists: since b(i) ∈ Bi , b(i) ∈ Bα(i) for some α; and whenever b(i) ∈ Bi(α), πα(b(i)) =
b(i).) Define the level of b by l(b) = max{αi : i ∈ supp(b)}. It is readily verified that l(b) = min{α < ω2: πα(b) = b} =
min{α < ω2: ∀i ∈ I,πα(b(i)) = b(i)} = min{α < ω2: ∀β  α,πβ(b) = b}.
The proof of the following lemma is similar to that of Lemma 2.3 in [1].
Lemma 2.2. Let a, b, c be basic open sets in X and let α,β < ω2. Then:
(1) {πα(a): α < ω2} is a decreasing, eventually-constant sequence of basic open sets in X.
(2) If a ⊆ b then πα(a) ⊆ πα(b).
(3) πα(πα(a)) = πα(a).
(4) If α < β then πα(b) = πα(πβ(b)).
(5) If l(a), l(c) α and a ∩ b ⊆ c, then a ∩ πα(b) ⊆ c.
(6) a = ∅ if and only if there is an α < ω2 such that πα(a) = ∅.
Definition 2.3. Let b be a basic open set in X. The cinch-set of b is
σ(b) = {α < ω2: πβ(b) ⊃ πα(b) for β < α}= {α < ω2: l(πα(b)) = α}.
Note that the cinch-set of b is the set of those α where, in any component, the α-envelope of b suddenly gets
“tighter”. It will be convenient later to define cinch-sets of basic open sets in a component space Xi as well: if
b(i) ∈ Bi , define σ(b(i)) = {α < ω2: πβ(b(i)) ⊃ πα(b(i)) for β < α}.
Definition 2.4. Let A be a countable collection of basic open sets in X. Define the cinch-set of A as
σ(A) =
⋃{
σ(a): a ∈ A}.
Let b ⊆ X be a basic open set and let i ∈ supp(b). By Lemma 2.5 in [1], σ(b(i)) = {α < ω2: ∀β < α, πβ(b(i)) ⊃
πα(b(i))} is a countable closed subset of ω2. If i /∈ supp(b), then σ(b(i)) = σ(Xi) = {0}. Thus we have:
Corollary 2.5. For any countable collection A of basic open sets in X, σ(A) is a countable closed subset of ω2.
Definition 2.6. Let a, b be basic open sets in X (or in some component space Xi ). The highest common cinching point
(hccp) of a and b is defined to be
hccp(a, b) = max(σ(a)∩ σ(b)).
(Note that this is really a “max”, and not just a “sup”, because σ(a) and σ(b) are closed in ω2.)
Also, if A and C are countable collections of basic open sets in X, define
hccp(A,C) = max(σ(A)∩ σ(C)).
The following lemma is similar to Corollary 2.13 in [4].
Lemma 2.7. Let a0, . . . , an−1 be basic open sets in X. Then
σ
(⋂
l<n
al
)
⊆
( ⋃
l<n−1
hccp
(
al,
⋂
l<j<n
aj
))
∪
(⋃
l<n
σ (al)
)
.
In particular, for any basic open sets a and b in X, σ(a ∩ b) ⊆ σ(a)∪ σ(b)∪ hccp(a, b).
Definition 2.8. Let a, b ⊆ X be basic open sets in X (or in some Xi ). Set α = hccp(a, b). We say b is weakly below
a, and write b ⊆w a or a ⊇w b, if πα(b) ⊆ πα(a).
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Definition 2.9. A (finite) sequence {ap: p < k} of basic open sets in X (or in some Xi ) is called weakly descending if
for all p < q < k, ap ⊇w aq .
The proof of the following lemma is similar to that of Lemma 2.17 in [1].
Lemma 2.10. Let α < ω2 and let {ap: p < k} be a weakly-descending sequence of nonempty basic open sets in X (or
in some Xi ). Then
(i) ⋂p<k πα(ap) = πα(⋂p<k ap);
(ii) σ(⋂p<k ap) ⊆⋃p<k σ (ap); and
(iii) ⋂p<k ap > 0.
2.2. Organization of the bases
In the following definition, we organize each base Bi with the help of elementary submodels as in [1]. It is possibly
intuitively helpful (although not completely accurate) to imagine Bi as being divided-up into an ω1-by-ω2 matrix. The
“columns” Bi(α), for α < ω2, will be ω1-sized subalgebras of Bi . The entries in each column Bi(α) will be countable
subcollections Bi(α, ξ) of Bi(α), for α < ω1. The αth column will contain all previous columns and their entries.
Each countable entry Bi(α, ξ) in the αth column will also, in some sense, “know about” previous columns and their
entries.
See [3] for an introduction to elementary submodels and their use in topology.
Definition 2.11. For i ∈ I , inductively define {Mi(α): α < ω2} and {{Mi(α, ξ): ξ < ω1}: α < ω2} such that for every
α < ω2,
(1) Mi(α) is an elementary submodel of H(θ) (for some fixed sufficiently-large regular cardinal θ ) and {α,Bi, {Mi(β):
β < α}, {{Mi(β, ξ): ξ < ω1}: β < α}} ∈ Mi(α);
(2) For λ < ω2 with cf(λ) = ω1, Mi(λ) =⋃α<λMi(α);
(3) |Mi(α)| = ω1 and [Mi(α)]ω ⊆ Mi(α);
(4) {Mi(α, ξ): ξ < ω1} is a continuous elementary -chain of countable elementary submodels of Mi(α);
(5) ⋃{Mi(α, ξ): ξ < ω1} = Mi(α); and
(6) I, {Xi : i ∈ I }, {Bi : i ∈ I }, i,Xi,Bi, {Um: m<ω}, {Mi(β): β < α}, and {Mi(β, ξ): β < α, ξ < ω1} are elements
of Mi(α,0).
Set Bi(0) = Mi(0) ∩ Bi . For α < ω2 a successor ordinal, set Bi(α) = Mi(α) ∩ Bi . For λ < ω2 a limit ordinal, set
Bi(λ) =⋃{Bi(α): α < λ}.
Note that since each Bi = RO(Xi) is complete and ccc, condition (3) above implies that for each i ∈ I and α < ω2,
Mi(α) ∩ RO(Xi) is a complete subalgebra of RO(Xi) of size ω1. Note also that we have really invoked CH here to
know that such complete ω1-sized subalgebras can be constructed.
If M is any elementary submodel of H(θ) (for some regular θ ), and if C ∈ M is a countable set, then C ⊆ M (see
[3] for a proof of this). From this, and by Lemma 2.5, it follows that:
Lemma 2.12. Suppose C is a countable collection of open sets in X and M is any elementary submodel of H(θ) (for
some regular θ ) such that I, {Xi : i ∈ I }, {Bi : i ∈ I }, {Mi(α): i ∈ I,α < ω2}, {Mi(α, ξ): α < ω2, ξ < ω1}, and C are
elements of M . Then σ(C) ∈ M , and also σ(C) ⊆ M .
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We define a notion of “norm” for each basic open set b ⊆ X; this will be the indexing that will help to induce the
required hierarchy on the collection of maximal antichains in X.
Definition 2.13. For each ω δ < ω1, fix a bijection gδ :ω → δ; and for each n < ω, let gn :ω → n be any surjection
that is eventually 0.
For δ < ω1 and n < ω, set
Eδ,n =
{
gδ(k): k < n
}
(that is, the “first” n-many ordinals in δ according to gδ , if δ is infinite).
For each i ∈ I , α < ω2, and ξ < ω1, fix a listing of the countable set Mi(α, ξ)∩Bi in order type ξ : Mi(α, ξ)∩Bi =
{biαξ (δ): δ < ξ}.
Definition 2.14. Let b = ∏i∈I b(i) be a basic open set in X. Let α < ω2, ξ < ω1, and n < ω. Say that (α, ξ)-
norm(b) n if the following hold:
(1) | supp(b)| n;
(2) For all i ∈ supp(b), b(i) ∈ Mi(α, ξ); and (moreover)
(3) For all i ∈ supp(b), b(i) ∈ {biαξ (δ): δ ∈ Eξ,n}.
Before proving the next lemma, we observe that the following hold by the construction in Definition 2.11: (i) for
each i ∈ I , Bi =⋃α<ω2 Bi(α); (ii) if α < β < ω2 and i ∈ I then Mi(α) ⊆ Mi(β); and (iii) if α < ω2, ξ < ζ < ω1, and
i ∈ I , then Mi(α, ξ) ⊆ Mi(α, ζ ).
Note that if b is any basic open set, there are α < ω2, ξ < ω1, and n < ω such that (α, ξ)-norm(b)  n, because
supp(b) is a finite subset of I .
Lemma 2.15. Let a be a basic open set in X, and let A = {am: m < ω} be a countable collection of basic open sets
in X.
(1) Let α < ω2, ξ < ω1, and n < ω. If (α, ξ)-norm(a) n then (α, ξ)-norm(prA(a)) n.
(2) Let α < ω2, ξ < ω1, and n < n′ <ω. If (α, ξ)-norm(a) n, then (α, ξ)-norm(a) n′.
(3) There exist α < ω2 and ξ < ω1 such that for all m<ω and all i ∈ I , am(i) ∈ Mi(α, ξ).
(4) Let α < ω2 and ξ < ω1. If am(i) ∈ Mi(α, ξ) for all m<ω and i ∈ I , then there exists a p ∈ ωω such that for each
m<ω, (α, ξ)-norm(am) p(m).
Proof. Part (1) is clear from Definition 2.13 and the definition of projections.
Noting that n < n′ ⇒ Eξ,n ⊆ Eξ,n′ , part (2) also follows from Definition 2.13.
For (3): Let m < ω and i ∈ supp(am). Since am(i) ∈ Bi =⋃α<ω2 Bi(α), there is an αmi < ω2 such that am(i) ∈
Bi(αmi). Let αA = sup{αmi : m < ω, i ∈ supp(am)}. αA < ω2, as A is countable and each supp(am) is finite. Also, if
(for some m<ω and i ∈ I ) i /∈ supp(am), then am(i) = Xi ∈ Bi(α) for any α < ω2. Thus for every m<ω and i ∈ I ,
am(i) ∈ Bi(αmi) ⊆ Bi(αA) ⊆ Mi(αA). Next: as Mi(αA) =⋃ξ<ω1 Mi(αA, ξ), for each m<ω and i ∈ supp(am) there
is a ξmi < ω1 such that am(i) ∈ Mi(αA, ξmi). Set ξA = sup{ξmi : m < ω, i ∈ I }. ξA < ω1 as {ξmi : m < ω, i ∈ I } is
countable. If i /∈ supp(am) for some m, then am(i) = Xi ∈ Mi(αA, ξ) for any ξ < ω1. Thus for every m<ω and i ∈ I ,
am(i) ∈ Mi(αA, ξmi) ⊆ Mi(αA, ξA).
For (4): Let α < ω2 and ξ < ω1, and suppose am(i) ∈ Mi(α, ξ) for all m < ω and i ∈ I . Let m < ω and i ∈ I .
Because am(i) ∈ Mi(α, ξ)∩Bi = {biαξ (δ): δ < ξ} = {biαξ (δ): δ ∈⋃n<ω Eξ,n}, and because supp(am) is finite, there
is a p1(m) < ω such that am(i) ∈ {biαξ (δ): δ ∈ Eξ,p1(m)} for each i ∈ supp(am). Also since | supp(am)| < ω, choose
a p2(m) < ω such that | supp(am)| p2(m). Define p ∈ω ω by p(m) = max{p1(m),p2(m)}. Then for each m < ω,
(α, ξ)-norm(am) p(m). 
Recall, for the next definition, that we have fixed a discrete family {Um: m<ω} of basic open sets in X.
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(α, ξ, n, k)-dense in Um if for any k-many basic open sets {bl : l < k} each of (α, ξ)-norm n, if (⋂l<k bl)∩Um = ∅,
then (
⋃
A)∩ (⋂l<k bl)∩Um = ∅.
Since X is completely regular, any maximal antichain A will always be (α, ξ, n, k)-dense in Um for any α, ξ,n, k,
and m.
Lemma 2.17. Let A be a family of basic open sets in X, and suppose that A is (α, ξ, n, k)-dense in Um for some
α < ω2, ξ < ω1, and n, k,m < ω. Then there is a finite subset A′ of A that is also (α, ξ, n, k)-dense in Um.
Proof. Let A be as described. Without loss of generality, a ⊆ Um for each a ∈ A.
Let A0 be any nonempty finite subset of A.
Suppose finite subsets A0,A1, . . . ,Aj of A have been chosen, for some j  nk. Denote Ij = supp(Aj ). Let Dj
denote the k-tuples b = {bl : l < k} of basic open sets such that for each l < k, supp(bl) ⊆ Ij and (α, ξ)-norm(bl) n.
Dj is a finite set; this follows from the fact that Ij and Eξ,n are finite sets. Let b ∈ Dj . Since A is (α, ξ, n, k)-
dense in Um, if (
⋂ b) ∩ Um = ∅ then there is an ab ∈ A such that (⋂ b) ∩ ab = ∅. Define Aj+1 = Aj ∪ {ab:b ∈ Dj and (⋂ b)∩Um = ∅}.
In this way, generate an increasing sequence of finite subsets A0,A1, . . . ,Ank+1 of A; we will show that the last of
these, Ank+1, is (α, ξ, n, k)-dense in Um.
Claim. For any k-tuple b = {bl : l < k} of basic open sets in X with (α, ξ)-norm(bl)  n for each l < k, if (⋂ b) ∩
Um = ∅ then there is a j  nk so that supp(⋂ b)∩ Ij = supp(⋂ b)∩ Ij+1.
Proof. Suppose otherwise. Then ∅ = supp(⋂ b)∩I1 ⊂ supp(⋂ b)∩I2 ⊂ · · · ⊂ supp(⋂ b)∩Ink ⊂ supp(⋂ b)∩Ink+1.
Then since | supp(⋂ b) ∩ I1| 1, it must be that | supp(⋂ b) ∩ Ink+1| nk + 1; but this is a contradiction: we have
assumed that for all l < k, (α, ξ)-norm(bl) n; so, in particular, | supp(bl)| n; and thus | supp(⋂ b)∩ Ink+1| should
be at most nk. This proves the Claim. 
Now: let {bl : l < k} be any k-tuple of basic open sets in X such that (α, ξ)-norm(bl) n for l < k and (⋂l<k bl)∩
Um = ∅. By the Claim, choose j  nk such that supp(⋂l<k bl)∩Ij = supp(⋂l<k bl)∩Ij+1. Set b′l = prAj (bl) for each
l < k. As bl ⊆ b′l , (
⋂
l<k b
′
l )∩Um = ∅. Also, since supp(
⋂
l<k b
′
l) ⊆ Ij , by Lemma 2.15 we have {b′l : l < k} ∈ Dj . By
construction of Aj+1, there is an a ∈ Aj+1 such that a ∩ (⋂l<k b′l ) = ∅. We claim that a ∩ (⋂l<k bl) = ∅: for suppose
not. Then there is an i ∈ I such that a(i) ∩ (⋂l<k bl)(i) = ∅. Then i ∈ supp(a) ⊆ Ij+1 and i ∈ supp(⋂l<k bl); so by
choice of j , i ∈ supp(⋂l<k bl)∩ Ij ⊆ Ij . But then
∅ = a(i)∩
(⋂
l<k
bl
)
(i) = a(i)∩
(⋂
l<k
bl(i)
)
= a(i)∩
(⋂
l<k
b′l (i)
)
so that a ∩ (⋂l<k b′l) = ∅, contradicting the choice of a.
Thus for any k-tuple b with (α, ξ)-norm(bl)  n for l < k and (⋂ b) ∩ Um = ∅, there is an a ∈ Ank+1 such that
a ∩ (∩b) ∩ Um = ∅ (since the Aj ’s are increasing). Thus Ank+1 is a finite subset of A that is also (α, ξ, n, k)-dense
with respect to Um. 
2.4. A few more elementary submodels
Let A be a maximal antichain in X. Let MA0 ∈ MA1 ∈ · · · ∈ MAn ∈ · · · be an elementary ∈-chain of countable elemen-
tary submodels of H(θ), for some fixed sufficiently-large θ , where we have put A,X, I, {fξ : ξ < ω1}, {gδ: δ < ω1},
{{Mi(α): α < ω2}: i ∈ I }, and {{{Mi(α, ξ): ξ < ω1}: α < ω2}: i ∈ I } into MA0 . Set ξAn = MAn ∩ ω1, for n < ω. Set
MA =⋃n<ω MAn . Let ξA = MA ∩ω1.
The ordinal ξA is determined in part by the (α, ξ)-norms of open sets a contained in the maximal antichain A. In
the next section, we will rank maximal antichains A according to their associated ξA.
By elementarity and since {fξ : ξ < ω1} is a scale, we have:
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then p <∗ fξA .
3. Main result
Definition 3.1. For each maximal antichain A = {a(m, l): m, l < ω} in X, define
FA =
⋃
m<ω
( ⋃
l<f
ξA
(m)
a(m, l)
)
.
Then define F = {FA: A is a maximal antichain}.
We will show that F generates a nice remote filter on X with respect to {Um: m < ω}. The niceness and remote-
ness will hold by construction and by Lemma 1.2. We need to verify that for all n < ω and all maximal antichains
C0, . . . ,Cn−1 in X, [⋂{FCk : k < n}] ∩ Um = ∅ for almost all m. The following lemma will allow us to produce
sequences {bkm: m < ω} of open sets in X, for k < n, such that ∅ =
⋂
k<n b
k
m ⊆ [
⋂{FCk : k < n}] ∩ Um for almost
all m.
Lemma 3.2. Let k < ω and let C0,C1, . . . ,Ck be maximal antichains labeled so that ξC0  ξC1  · · · ξCk . Suppose
we are given sequences {bpm: m<ω} of basic open sets in X, for each p < k, such that the following hold:
(1) For all p < k, there exists Np < ω such that {bpm: m<ω} ∈ MCpNp ;
(2) For all p < k, there exists Sp < ω such that for all m  Sp , there exists l < fξCpNp+2(m) such that ∅ = b
p
m ⊆
cp(m, l);
(3) For each increasing subsequence {pr : r < s} of {0, . . . , k− 1}, each m<ω, and each i ∈ I such that bprm (i) = Xi
for all r < s, {bprm (i): r < s} is a weakly-descending sequence; and
(4) For all m<ω,⋂p<k bpm = ∅.
Then we can find a sequence {bkm: m<ω} of basic open sets in X such that
(1) There exists Nk < ω with Nk max{Np: p < k} such that {bkm: m<ω} ∈ MCkNk ;(2) There exists Sk < ω with Sk  max{Sp: p < k} such that for all m  Sk , there exists l < f
ξC
k
Nk+2
(m) such that
∅ = bkm ⊆ ck(m, l);
(3) For each increasing subsequence {pr : r < s} of {0, . . . , k}, each m<ω, and each i ∈ I such that bprm (i) = Xi for
all r < s, {bprm (i): r < s} is a weakly-descending sequence; and
(4) For all m<ω,⋂pk bpm = ∅.
Proof. Suppose we are given maximal antichains {Cp: p  k} and sequences {bpm: m < ω} (for p < k) as in the
hypotheses of the lemma. Set A0 = Ck . Pick p0 < k such that γ0 := hccp({bp0m : m < ω},A0) is maximal. Suppose
for some j < k that Aj ,pj , and γj have been defined. Set Aj+1 = {prCk (πγj (b
pj
m )) ∩ a: m < ω,a ∈ Aj }. Pick
pj+1 ∈ k \ {p0,p1, . . . , pj } such that γj+1 := hccp({bpj+1m : m<ω},⋃nj+1 An) is maximal.
Claim 1. For all j < k, γj+1  γj .
Proof. Suppose by way of contradiction that γj+1 > γj for some j < k. Recall that γj+1 = max(σ ({bpj+1m : m<ω})∩
σ(
⋃
nj+1 An)).
Case 1: γj+1 ∈ σ(⋃nj An). Then γj+1  γj by maximality of γj , which is a contradiction.
Case 2: γj+1 ∈ σ(Aj+1) =⋃{σ(a): a ∈ Aj+1}. Then for every open set O (in the order topology on ω2) with
γj+1 ∈ O and O ⊆ (γj ,ω2), there is an a ∈ Aj+1 and an α ∈ σ(a) such that α ∈ O . As a ∈ Aj+1, there is an m < ω
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σ(a′). It must be that α ∈ σ(a′), as we have assumed that α > γj .
Thus every open set O about γj+1 contains a point α ∈ σ(Aj ) ⊆ σ(⋃nj An), so γj+1 ∈ σ(⋃nj An) (by Lem-
ma 2.5). But then γj+1 ∈ σ({bpj+1m : m<ω})∩ σ(⋃nj An), so that γj+1  γj by the maximality of γj ; and this is a
contradiction.
This proves Claim 1. 
Claim 2. For all j < k, hccp({bpjm : m<ω},Ak) γj .
Proof. Let j < k, m<ω, and a ∈ Ak . Let α = hccp(bpjm , a). (We prove that α  γj , and then Claim 2 will follow by
definition of the hccp of two sets.) Unraveling a a bit, we may write
a = prCk
(
πγk−1(b
pk−1
mk−1)
)∩ prCk (πγk−2(bpk−2mk−2))∩ · · · ∩ prCk (πγj (bpjmj ))∩ a′
for some a′ ∈ Aj . By Claim 1, γk−1, γk−2, . . . , γj+1  γj . Thus for r = k − 1, k − 2, . . . , j + 1, j , we have
σ(prCk (πγr (b
pr
mr ))) ⊆ [0, γr ] ⊆ [0, γj ]. Then by Lemma 2.7, σ(a) ⊆ [0, γj ] ∪ σ(a′). Thus we have α ∈ σ(bpjm ) ∩
([0, γj ] ∪ σ(a′)). If α ∈ [0, γj ], we are done; and if α ∈ σ(bpjm )∩ σ(a′), then α  γj by definition of γj .
This proves Claim 2. 
Claim 3. There exists N < ω such that the following are elements of MCkN : {γj : j < k}, {{prCk (πγj (bp
j
m )): m < ω}:
j < k}, and {Aj : j  k}.
Proof. Recall that γ0 = hccp({bp0m : m < ω},A0) ∈ σ(A0). Since A0 = Ck ∈ MCk0 and (by Lemmas 2.5 and 2.12)
σ(A0) is a countable element of MC
k
0 , γ0 ∈ MC
k
0 since M
Ck
0 ≺ H(θ). Similarly, γ0 ∈ MC
p0
Np0
since (by assumption)
{bp0m : m<ω} ∈ MCp0Np0 . By definition of envelopes and by Lemma 2.15,
H(θ) |= “(∃ξ < ω1)(∀m<ω)(∀i ∈ I )
(
πγ0(b
p0
m )(i) ∈ Mi(γ0, ξ)
)
”.
Since all free variables in this statement are elements of MCp0Np0 , by elementarity there exists such a ξ with ξ < ξ
Cp0
Np0
.
Pick N(0) so large that ξCkN(0)  ξC
p0
Np0
. (This is possible as we have assumed that ξCp0  ξCk .) Then since, by Defini-
tion 2.11, Mi(γ0, ξC
p0
Np0
) ⊆ Mi(γ0, ξCkN(0)) for all i ∈ I , we have that
(∀m<ω)(∀i ∈ I )(πγ0(bp0m ))(i) ∈ Mi(γ0, ξCkN(0))).
Because Mi(γ0, ξC
k
N(0)) ∈ MC
k
N(0)+1 whenever i ∈ MC
k
N(0)+1, it follows that {prCk (πγ0(bp0m )): m<ω} ∈ MC
k
N(0)+1.
Now let j < k and suppose we have found N(j) < ω such that the following things are elements of MCk
N(j)+1:
{γn: n  j}, {{prCk (πγn(bpnm )): m < ω}: n  j}, and {An: n  j}. Then Aj+1 = {prCk (πγj (bpjm )) ∩ a: a ∈ Aj }
∈ MCkN(j)+1, and γj+1 = hccp({b
pj+1
m : m < ω},⋃nj+1 An) ∈ σ(⋃nj+1 An) ∈ MCkN(j)+1. Also γj+1 ∈ σ({bpj+1m :
m < ω}), so γj+1 ∈ MCpj+1Npj+1 . Then similarly to the base case, we can find N(j + 1)  N(j) such that
{prCk (πγj+1(bpj+1m )): m < ω} ∈ MC
k
N(j+1)+1. Thus {γn: n  j + 1}, {{prCk (πγn(bpnm )): m < ω}: n  j + 1}, and
{An: n j + 1} are elements of MCkN(j+1)+1. Claim 3 follows. 
Claim 4. There exists Sk < ω with Sk  Sk−1 such that for all m Sk ,
(1) For all j < k, (γ0, ξCkN )-norm(prCk (πγj (b
pj
m ))) fξCkN+1
(m), and
(2) {ck(m, l): l < f
ξC
k
N+2
(m)} is (γ0, ξCkN ,fξCkN+1(m), k − 1)-dense in Um.
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j
m )): m < ω} ∈ MCkN . Since (by Claim 1) γj  γ0 for all j < k, and
since γj  γ0 ⇒ Mi(γj ) ⊆ Mi(γ0) for all i ∈ I , it follows from Lemma 2.15 that
H(θ) |= “(∀j < k)(∀m<ω)(∀i ∈ I )(prCk (πγj (bpjm ))(i) ∈ Mi(γ0, ξCkN )”.
Then again by Lemma 2.15,
H(θ) |= “(∃q ∈ ωω)(∀j < k)(∀m<ω)((γ0, ξCkN )-norm(prCk (πγj (bpjm ))) q(m))”.
Since, by Claim 3, all parameters here are elements of MCkN+1, there exists such a q ∈ ωω ∩ MC
k
N+1. Then by Lem-
ma 2.18,
(∃Sk < ω)(∀m Sk)(∀j < k)
(
(γ0, ξ
Ck
N )-norm
(
prCk (πγj (b
pj
m ))
)
 f
ξC
k
N+1
(m)
)
,
and we may take Sk  Sk−1.
Now for part (2) of Claim 4: since Ck is a maximal antichain, in particular {ck(m, l): l < ω} is (γ0, ξCkN ,fξCkN+1(m),
k − 1)-dense in Um for every m<ω. By Lemma 2.17,
H(θ) |= “(∃q ∈ ωω)(∀m<ω)({ck(m, l): l < q(m)} is (γ0, ξCkN ,fξCkN+1(m), k − 1)-dense in Um
)
”.
Since all free variables in this statement are elements of MCkN+2, there exists such a q ∈ ωω ∩ MC
k
N+2. Then by Lem-
ma 2.18, part (2) holds.
Thus Claim 4 holds. 
Let m Sk . By assumption, (
⋂
p<k b
p
m)∩Um = (⋂j<k bpjm )∩Um = ∅, so also (⋂j<k prCk (πγj (bpjm )))∩Um = ∅.
By Claim 4, there is an l < f
ξC
k
N+2
(m) such that ck(m, l) ∩ (⋂j<k prCk (πγj (bpjm ))) ∩ Um = ∅. Set bkm = ck(m, l) ∩
(
⋂
j<k prCk (πγj (b
pj
m ))). For m < Sk , just define bkm =
∏
i∈I Xi . Note that bkm ∈ Ak . By construction, {bkm: m < ω}
satisfies conclusion (2) of the lemma. Since (by Claim 3) such {bkm: m < ω} was constructed using parameters in
MC
k
N+3, by elementarity such {bkm: m<ω} can be found in MC
k
N+3. Thus condition (1) in the conclusion of the lemma
is satisfied.
Now we show that, however it is chosen, such a sequence {bkm: m<ω} must satisfy conclusions (3) and (4) of the
lemma.
Claim 5. For each increasing subsequence {pr : r < s} of {0, . . . , k}, each m<ω, and each i ∈ I such that bprm (i) = Xi
for all r < s, {bprm (i): r < s} is a weakly-descending sequence.
Proof. Suppose there are an increasing subsequence {pr : r < s} of {0, . . . , k}, an m < ω, and an i ∈ I such that
b
pr
m (i) = Xi for all r < s. By hypothesis (3) of the lemma, we need only consider the case when ps−1 = k; and in
this case we need only check that for all r < s − 1, bprm (i) ⊇w bkm(i). Note that since bkm(i) = Xi , i ∈ supp(Ck). Let
r < s − 1. There is a j < k such that pr = pj ; so we need to show that bpjm (i) ⊇w bkm(i). Let α = hccp(bpjm (i), bkm(i)).
By Claim 2 and by definition of cinch-sets, α  hccp(bpjm , bkm) γj . Then
bkm ⊆ prCk
(
πγj (b
pj
m )
) (by definition of bkm)
⇒ bkm(i) ⊆ prCk
(
πγj (b
pj
m )
)
(i)
⇒ bkm(i) ⊆ πγj (bpjm )(i) (as i ∈ supp(Ck))
⇒ πα(bkm(i)) ⊆ πα
(
πγj
(
b
pj
m (i)
)) (by Lemma 2.2)
⇒ πα(bkm(i)) ⊆ πα
(
b
pj
m (i)
) (by Lemma 2.2)
⇒ bkm(i) ⊆w bpjm (i),
as desired. This proves Claim 5. 
Claim 6. For all m<ω,
⋂
b
p
m = ∅.pk
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pk
b
p
m(i) =
⋂{
b
pj
m (i): b
pj
m (i) = Xi
}
.
Let {pr : r < s} list, in increasing order, the set {pj : bpjm (i) = Xi}. By Claim 5, {bprm (i): r < s} is weakly-descending.
Since (by construction) each bprm (i) is nonempty, by Lemma 2.10 we have
∅ =
⋂{
b
pr
m (i): r < s
}=⋂{bpjm (i): bpjm (i) = Xi}= ⋂
pk
b
p
m(i).
This proves Claim 6. 
Thus Lemma 3.2 is proved. 
Theorem 3.3. Let n < ω and let C0,C1, . . . ,Cn−1 be maximal antichains. Then for all but finitely-many m < ω,
[⋂k<n FCk ] ∩Um = ∅.
Proof. Let 2  n < ω. Let C0,C1, . . . ,Cn−1 be maximal antichains, and without loss of generality assume ξC0 
ξC
1  · · · ξCn−1 . For each m < ω, set b0m = c0(m,0). Then conditions (1)–(4) in the hypotheses of Lemma 3.2 are
clearly satisfied for the sequence {b0m: m < ω}. By repeatedly applying Lemma 3.2 we may obtain, for each k < n,
sequences {bkm: m<ω} and natural numbers Nk such that
(1) for all k < n, there exists Sk  max{Sp: p < k} such that for all m  Sk , there exists l < f
ξC
k
Nk
(m) such that
∅ = bkm ⊆ ck(m, l); and
(2) For all m<ω,⋂k<n bkm = ∅.
Pick N  Sn−1 so large that for all m>N and k < n, f
ξC
k
Nk
(m) f
ξC
k (m). Let m>N and k < n. Then by (1) and by
choice of N , there is an l < f
ξC
k
Nk
(m) f
ξC
k (m) such that ∅ = bkm ⊆ ck(m, l); so by (2),
(∀m>N)(∀k < n)
(
∅ =
⋂
p<n
b
p
m ⊆
⋃
l<f
ξCk
(m)
ck(m, l)
)
.
Recall that we defined the filter element FCk corresponding to the maximal antichain Ck by
FC
k =
⋃
m<ω
( ⋃
l<f
ξCk
(m)
ck(m, l)
)
.
Thus for each m>N ,
∅ =
⋂
k<n
bkm ⊆
[⋂
k<n
FC
k
]
∩Um. 
Thus F generates a nice remote filter with respect to {Um: m<ω}, and therefore:
Theorem 3.4. (CH) If I is any index set and X =∏i∈I Xi is a product of completely regular, ccc spaces each of
weight ω2; and if X is ccc and non-pseudocompact; then X has remote points.
4. Questions
(1) Under CH, does every ccc non-pseudocompact space have remote points?
(2) In particular, under CH, does every ccc non-pseudocompact space of weight at most ω3 have remote points?
200 J.A. Brown / Topology and its Applications 155 (2008) 190–200(3) In the statement of Theorem 3.4, is it necessary to assume that X is ccc?
(4) Suppose that it were known, under CH, that every ccc non-pseudocompact space of weight κ had remote points
(for some κ > c). Would it then follow that any product of such spaces that was also ccc and non-pseudocompact
had remote points?
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